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We denote by B,° B;,,° the controls which minimize the functionals (5.2), by TNy (%)
the value of the function M; (*) that corresponds to the control B;,°, and by ;" the
maximum value of the function Mjit on the segment {0,1). 1t can be shown that a constant

3 >0 exists independent of e such that the inequalities

V(B5.)) <V (Bo) + cagiHt (5.3)
MY+ cedts, supe (T 2, B5,0) T y° + coe?'/? (5.4)

are satisfied.

We will select the parameter ! from the condition that the degree of error with respect
to functional (5.3) and with respect to the maximum value of the deflection (5.4) are equal.
Then when 1 =10,6 (G + 1) , the optimal control of the set of equations (2.2) that minimizes
the quality criterion Vj;,;(P) determines the e’#G+l-optimal control in the converse problem
of rod shape optimization.

In particular, when j= 2, the optimal control of the system of ordinary differential
equations

LL | oo = — o ()

d
T By = — aB (1= B) 9 (0 (2) (v + m ().
T

D oy =— a8 — ) {1 — B0 0 @) o+ m (=) x § (¢ 40 (=N [oxp (= v — exp (— 7)) a}
0

is the zero boundary condition that minimizes the functional
1
V) + e (max[n: (2) — v, 0)az
0
Mg (2) = yo () + € (1 — exp (—¥7)) 4, (z) + ey, ()

The proposed algorithm of optimal shape determination can be applied to rods with other
forms of support. It is then only necessary to investigate the supplementary conditions that
guarantee that inequality (2.3) is satisfied.
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RATIONAL SCHEMES FOR REINFORCING LAMINAR PLATES FROM COMPOSITE MATERIALS™

V.M. KARTVELISHVILI and V.V, KOBELEV

New problems for optimizing the internal structure of plates from a laminar
composite for a number of local and integral functionals are considered.

A model of a laminar-fibrous composite plate is described. Prior to
optimization, the plate is a packet of monolayers homogeneous over the
thickness. The monolayers are formed by periodic unidirectional stacking
of reinforcing fibres in an elastic matrix. To determine the effective
elastic properties of the monolayers, a homogenized model of the composite
material is used. The concentration of reinforcing fibres or the angles
of orientation of the axes of material anisotropy in a given number of

*prikl.Matem.Mekhan.,48,1,68-80,1984
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monolayers are selected as control functions. A constraint, which does
not enable one to go beyond the framework of application of the initial
model for the composite, is imposed on the gradient of the functions
giving the mechanical characteristics of the monolayers. The necessary
conditions for optimality are obtained. Successive approximations are
used to seek approximate analytic solutions. Optimal schemes are found
for reinforcing laminar plates of different configuration in the following
problems: minimization of the maximum plate deflection, maximization of
their integral stiffness and the first natural vibration frequency.

1. Model of a laminar fibrous composite plate. 1°, Tensor of the effective
stiffness of a packet of monolayers homogeneous over the thickness. 1In a rectangular coordin-
ate system I;%,%3 we consider an elastic anisotropic plate of constant thickness h.The plane
of elastic symmetry of the plate ;=0 occupies a domain £ with boundary T.

The plate has a laminar-fibrous structure obtained by regular stacking of N reinforced
monolayers in a packet. The number of layers in the packet is fairly large. The homogeneity
of the packet over the thickness is assured by periodic stacking of monolayers with identical
characteristics along the zy axis.

The monolayers have a thin periodic structure. A separate s-th monolayer is formed by a
quasiperiodic system (possessing the so-called symmetry of short-range order /1/) of local
unidirectional fibres at an angle ¢,, stacked in an elastic anisotropic matrix (here and
henceforth s=1,..., N).

Let D = {Dypy (%), 5), i, , k, | = 1,2} be the tensor of effective plate stiffnesses /2/ and

let us express the components of the tensor Dy (%3, %) in terms of components of the mono-
layer effective stiffness tensor df;u(x;,xg) as well as the angles of reinforcing fibre orient-
ation in the monolayers ¢, To do this we introduce the rotation matrix M (g,) = {M); (p), i, ] =
1, 2}, where .

M;, (@) = Mg (9a) = €08 @y, My (@) = —My; (9s) = sin @,

In the notation used, we have
N
Dy {z1 2a) =12 21 853G (21 22) {1.1)
8=
G:jkl = Mm (@2) M (9s) My (90) M 1q () d.mnm

For sufficiently large N and assumptions about the homogeneity of the packet of layers
with respect to the thickness (i.e., the periodicity of stacking the monolayers with differ-
ent directions of the axes of anisotropy), we obtain the desired estimate for the components
of the packet effective stiffness tensor from (1.l) in the form

N
D, juy (215 22) = N? 21 Gl (1.2
B

2°. Tensor of effective stiffnesses of a fibrous monolayer. We will describe the internal
structure of the fibre monolayer taken separately. To do this we connect a local orthogonal
coordinate system ¥, to the s-th monolayer such that the axis y,°® makes an angle ¢, with
the 2, axis. We direct the axis p,* along the reinforcing fibres. In each layer the fibres
with Lamé coefficients J,, p; are stacked unidirectionally in the elastic isotropic matrix to
which the Lamé coefficients Ay, py correspond. The stacking has a thin periodic structure
with period ¢ along the ' axis. The macroscopic stiffness characteristics of the plate
are here determined for the limit state as e —0. We select a two-component model of the
composite with the following piecewise~constant distribution law for the elastic constants
with period e in the s-th layer, we later omit the superscript s in the local coordinate system

tati
noration Ae (g1 ¥2) = Ay B (1 H) = e el <y < [y/e] + e,

(1.3}
A (Y ¥a) = My By (Bas Vo) = par l/e) + oo, < py < yyfel + &

The square brackets in (1.3) denote the integer part of a number. A function giving the
malroscopic concentration of the reinforcement stacking in the elastic matrix as the period e
tends to zero is denoted by ¥, = v, (¥, ¥). From the technological viewpoint, for the model to
be applicable it is sufficient that the rate of change of the function v, (#1» ¥») should be
much less than the characteristic rate of change of the elastic constants of the composite in

the period e as e-» 0. Consequently, we impose the following constraints on the modulus of
the gradient of the function v, (¥, ¥s):

190, gy = V(o)1 + ) <% (g ) E0 (1.4
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Here and henceforth the subscripts after the comma denote partial derivatives with respect
to the appropriate coordinate.

We will express the effective stiffness dim from (1.2) in terms of Ay, My, Mgy Bas Us (W1r ¥2)
as & -0 by using the homogenization procedure /3, 4/. For the type of two-component compos-
ite (1.3) under consideration, by using the relationships for homogenized models of regularly
reinforced composite plates /5/, we obtain after integration with respect to the periocd & and
allowing & to tend to zero, taking (1.4) into account,

@ = A7, & = 4,47 =2
g =AlAT' + 4, B=d3=0
Ay =(a), Ay = (B, 4, =& (1.6)
a=0M+2p)7 b=DMka, c=4p(d+p)a

(y=lim ei§ fdy
e—0

(1.5)

Here and henceforth, for brevity, the 1111, 1122, 1212, 2222, 1112, 1222 are replaced,
respectively, by the subscripts 1, 2, 3, 4, 5, 6 (for example, dies = dy*).

3°. The technologically acceptable structure of a laminar fibrous composite. Within the
framework of the model being investigated, we will write down and analyse the expressions for
the effective stiffness tensors corresponding to technologically acceptable structures of
laminar-fibrous plates. Using the expressions obtained, the optimal characteristics, in a
specific sense, of these structures will later be sought.

The structure O (reference). This structure corresponds to the initial state of the
plate prior to optimization. Here the packet of monolayers is homogeneous in thickness, the
directions of the reinforcing fibres of all the layers agree: Ps = ¢°, and the macroscopic
concentrations are equal and constant: Us (zy, Z3) = v, (1% %) =V°, 0 < vpin <V° < Vmax < 1. In
this case the fibres in the monolayers form a strictly periodic stack, and we have for the
components of the effective stiffness tensor of each monolayer: dij (%, Z,) = dijq. Hence, taking
(1.2) into account, we obtain that R .

Dy (%3, %) = Digr = Nodijmy (1.7
where dg, are calculated from (1.5) and (1.6) for v, ="

Structure 1 (inhomogeneous macroscopic concentration in the monolayer). We assume that
there are n <N periodically stacked plates of monolayers over the thickness, with concentra-

tions variable in R : V' (2, Ze): vy =V (25, 2,), k=1,...,n 0 < g0 <V < Vmax < 1. The remaining
N —n layers have the reinforcement concentration v, =1°, l=n+41,...,N. The directions
of the reinforcing fibres agree in the whole packet: @, = ¢°. Introducing P = n/N, we obtain
Dijpi (21, 73) = (1 — B) D:ikl + Bt (=4, 23) Dl (1.8)
The components D}jkl are given by the expressions
Di = — N°43%(a}), D3 = N°® A7 ({b} A, —{a} 41) (1.9)

Di = N34, 45% ({b} 4o —{a} A1) +{c} N?
Dy =2N*(p}, Di=Ds=0

where {f) = lim(f ({y1/e} + s — 8) — f [y1/8] +- v +8)) is the jump in the functions f on the fibre-
80

matrix interface.
Structure 2 (variable orientation of anisotropy axes in the layer). We now assume that
the reinforcing fibre concentrations v, in all the monolayers are identical and equal to v,
i.e., v,=v. Let m<N monolayers be reinforced in the direction aig = d(xy, 25), I =1,
ve.,m, % ¢, where ¢° is the reinforcing direction of the remaining & —m layers in the
packet, Introducing the quantity ¥ = mwN, we have
Dyt = (1 — ) Disa + 7Dl (1.10)

where the components D are given by the expressions (s = sina, ¢ = cos a)

D = Uyt + Upst + Uy, D = Ut + Upe* + Us,

D? =1 (U, + U,)‘s”c' + Dy, Dg* =Yy (U, + Uy) s%* + D3’
D2 = Yyse (Ups® — Uye?), De® = Yy (Uge? — U,s) sc
U,=D,"—Dy"—2D;y, U, =D° — Dy —2Dy, Us=D¢ + 2Dy

Hypotheses of short-range order symmetry (on which the introduction of effective moduli
is indeed based), formalized for concentrations in the form of the inequalities (1.4), are
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formalized for angles of orientation @ (%, %) in the form |Va|= Va.®+ a? <0, where ¢ is
the characteristic dimension of the short-range order domain (0 ~ %). Note that by using the

Cauchy inequality the constraint mentioned is reduced to a constraint on the curvature of the
stacking lines of the reinforcement (t is a parameter along the stacking trajectory)

|0a/dt | < |Va| <o (1.11)

2. Formulation of optimization problems. Necessary conditions for optimal-
ity, 1°. Formulation of plate structure optimization problems. Having constructed the
model of an anisotropic laminar-fibrous plate in the preceding section, we will now formulate
optimization problems for the internal structure of bent and oscillating plates.

Among the constraints imposed on a design in addition to basic requirements in problems
of designing composite plates are

Jo={ (21, z) d02 (2.1)
Q

Ty =11 §§ 1w 0) AR 1 (s w) o= Dyjeptsit (2.2)

Q

Jo=6° =min({ {7 w)dn /{{winpdp (2.3)

= min({§ v w1 a0 (S utpan)

Js = max |w(z, z) | (2.4)
(x1, )EQ

on the total mass of material (2.1) (P (z,, z;) is the macroscopic density of the composite
material), the integral stiffness (2.2), the first natural vibration frequency (2.3), and the
maximum deflection (2.4). Here f(w,u) is a symmetric, continuous and positive-definite bi-
linear form generated by a fourth-order differential operator

LIDlw= (Diyp®.is)ut

that is equivalent on the left side of the plate bending differential equation to the trans-
verse forces ¢ (25, Z3)
LDl w =g (z, z5) (2.5)

The form of f(w,u) is determined in the set Ha obtained by closure of the set C*(Q) of
infinitely differentiable functions in f that satisfy the appropriate conditions of stiff
clamping and free support in the Sobolev space W,;*()

(Kjlwlr =0
where K; are linear homogeneous differential operators evaluated on the piecewise-smooth
boundary TI. Fro the two-component model of the composite introduced, the density p (2, Zy)
in (2.1) and (2.3) has the form
N
p(en z)=ps+ (01— po) g 3, ¥ (a2 33)

8=1

where p; is the density of the matrix material, and p; is the density of the reinforcing fibres.
We henceforth assume that the mass of the composite is fixed

Jo = M, (2.6)

This means that during optimization, condition (2.6) occurs in the set of isoperimetric
conditions.

We select as optimizing functional one of the functions (2.2)—(2.4). 1In other words,
for a given mass we will increase the stiffness or the least eigen frequency of the plate.

The concentrations v, =1* (z;, %) (! =1,...,n) which are subject to the technological con-
straints (1.4) and 0 < vgp <! < Vmax < 1y are the control functions for structure 1. Intro-
ducing the new control function V = ¢! ~ (Umsx -+ Umin)/2 we reduce the last constraint to an
inequality more convenient for further examination

[ V(2 2) | <M N = (Umax = Umin)/2 (2.7)
and the isoperimetric condition (2.6) to the equality
vi={{V@Ena)da=0 (2.8)
Q
We select the angles of fibre rotation in the monolayers ¢ =a (Z, %) (I=1,...,m) as

control functions for structure 2.
We thus formulate the optimization problems for structures 1 and 2.
Structure 1. Find the optimal concentration distribution Vgp (Z,, Zg) = V (23, Z) in Q which
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will minimize (2.4) (problem 1), maximize (2.3) (problem 2) under the isoperimetric conditions
(L.4) and (2.6) and the constraints (2.7).

Structure 2. FPind the optimal angles of rotation Qopt(%;, Z;) in 8 which will maximize
(2.2) (problem 3) or (2.3) (problem 4) under the isoperimetric conditions (1.1ll) and (2.6).

2°. Successive approximations. Necessary optimality conditions. We will obtain the
solution of the above problems by the method of successive approximations, according to which
a correction 5Vk¢ﬁ'1ﬂ, assuring improvement in the structure in the sense required, can be
constructed by relying on knowledge of the running structure of the plate being designed at
step k. Furthermore, where possible the superscript k will be omitted. Writing down the
successive approximations relations, we deduce the necessary optimality conditions from them
as a particular limit case in problems where the concentration of inclusions (structure 1) is
the control function. To this end, we replace the local constraints (1.4}, (2.7) and the
local functional (2.4) by their approximate integral analogs.

e (St wm (]|
*} Q
J3zz,=(-§gS;wrdg)”’agwﬁ,. SzSSdQ (2.10)
Q Q

For p, g, r tending to infinity, (2.9) and (2.10) become (l1.4), (2.7), and (2.4).
Considering 6V as a vector in infinite-dimensional Hilbert space with the scalar product

{a, by= Sgabdﬂ
0

we express the total variation of the functionals being optimized J, (2 =1,2,3) in the step

k from (2.2), (2.3), (2.10) and the variations of the constraints ¥, (m = 1, 2, 3) from (2.8)
and {2.9) in temms of the variation of the control function 8V. To eliminate the variation
in the phase variable 8% we introduce the conjugate variable to u (z;, %), equal to U = —w

for the functional (2.2), u = —2w for the functional (2.3), or subject to the equation
(Dapae, ), 15+ S (@l | w{)= =0

for the second functional (2.9). Then the variations of the optimizable functionals and
constraints take the form

8J, = (D, 6V), 0, = (¥, 6V); n =1,2,3 (2.11)
D, = YVyDyp'w, W, 51y Oy = 20, 4 82 (p, — p,) h?
©s = Dijw 1, 1t

. ey
\yl——-'l: ‘Fﬁ—_‘“‘"—'_xs“vvg_l

(2.12)

et

e T

(2.13}

The constraints (2.8) and (2.9) govern the allowable domain A of the space of controls
whose boundary J4A is given if there are equality signs in (2.9). The form of the expres~
sion for the improving corrections 8V ,.* depend in each step on the number and form of the
active constraints being taken into account {m is the numbexr of constraints taken into account).

The control function V* = ¥*¥! 4 §V,* as well as the corresponding phase and conjugate vari-
ables " u* satisfy here the optimality conditions if the variations calculated in this
manner vanish when substituted into the expression for the variations of the contrel functions.

For instance, if the control vector belongs to the interior of the domain A (i.e.,
V-1 C AN\ 4A), then a variation of the form

OVek = £ty (O£ 1) (2.14)

can, in particular, be the allowable improving correction 3V,*, where the plus sign corres-
ponds to maximization of the functional. Therefore, the optimality condition for the problem
without constraints has the form @, =0.

If the control vector belongs to the boundary of the domain JA (we note that the iso-
perimetric condition of constancy of the mass ¢, =0 should be satisfied at each step), while
the projection of the vector GVO" is positive on the external normal to the surface #A, then
the allowable improving variation is constructed by successively taking into account the

constraints(¥m, 8Va") =0 {m =1,2,3) by using the Gramm~Schmidt orthogonalization procedure
8Vt = §VEy — (0Vhey, W) Wol(F s W) (2.15)
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(we recall that the subscript m denotes the number of constraints taken into account}. Con-
sequently, the improving variation in the problem where Jjust the isoperimetric condition of
constancy of the mass of the composite material is taken into account, has the form

8V, = 1[0, — §7 (D,, 1)] and the optimality condition is @, = §71 (®,, 1), which converges,
say, to the condition of constancy of the strain potential energy density for @,;.

A stepwise algorithm for solving optimization problems can be constructed on the basis
of the relationships obtained. At each step the phase and conjugate variables are sought
successively for the running value of the control functions, and when they are known, we
construct the improving correction that assures optimization of the quality functional by
taking account of the constraints. If the boundary conditions and the nature of the load
enable analytic expressions to be obtained at the running step for the phase and conjuate
variables, then the improving correction to the control function can be determined analytic-
ally. Analytic solutions of optimization problems for the first approximation (k= 1) will
be constructed below.

3. Analytic solutions in problems of selecting the optimal distribution of
the reinforcing fibre concentrations. 1°. Minimization of the maximum deflection of
a multilayer plate for a class of forces realzz.mg a normal load. Consider a rectangular
laminar-fibrous plate Q{0 <5 e, 02, < b} simply supported at the contour I and subjected
to transverse forces g (T, Z). In this case, the equation for the phase variable w (z,, 7)
has the form {2.5), and the boundary conditions are written as follows:

w (0, z,) = w(a, 5) = (Dywy + Dyw g + 2an.u)§c~_‘sup =0 (3.1)
W {2y, 0) = w(zy, b) = (Dat0y; + Dwgss + 2Dcw,n)m =0

We consider the function ¢ (2;,%3) to belong to the class of functions ¢ that are summable
in the domain & and have generalized derivatives with respect to &, and %y to the required order.
For simplicity, we consider the function ¢ (%, Zs) to be expanded in the domain @ in a Fourier
series containing only products of the sines

S . . 3.2
g= 2 @4, Sin 12 Sin $2y { )

1, 8==1

,‘z

w./-:a

£i3
S gsintz; sinsZy dz; 42,
]

Zy= ﬁx;/a. Zy= M!;b

According to the method described in Sect.2, a first approximation is successfully con-
structed analytically in the problem of minimizing the maximum deflection for the boundary
conditions and kind of load mentioned because of selection of the optimal distribution of
the reinforcing material concentration (problem 1). Thus, Egs.(2.11) for the first approx-
imation become

D=0 @ =Diwiu.n (3.3)
Dy, s = — (wf] w ], )= 87
The solution of boundary value problems for the phase and conjugate variables v®and u°
is found in the form of double Fourier series. Taking account of the nature of (3.3), Green's

function can be used to find the functions mentioned. Omitting the lengthy computations, we
write the expression for the function @y (7, 2;) from (2.12):

Oy — et fur 7 § foop 2. R (3.9)
G0 i.3,%,lmy el
siniZ; sin jZ, sin k2, sin 1z, {LD; ( ) + D 1( ) ] X
(5 + [ (5 + 02 (1 () +
4Dsind %—l;- cosiZ; cos jTz cosk?; cos Iz,} dz, dz,
=z

o nind

+00 5

Q=D 2 1 2(Dy +2D,7) (75

Ly=n{i/a, Zg=nls/b

Let us take account of the isoperimetric condition of constancy of the mass of the
composite (2.8} and the constraints (2.9). If just the constrains on the gradient of the
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function V (z), Z) from the first condition (2.9) is considered, then the vector &V,! from
(2.15) is found from (2.14), (2.15)

8Vt = Dy, 6V} = Dy — §71 (D, 1)
Vgl =6V, — (SVil, V[ VP [ gyeny ¥ |9V |12 Y10
(V ([ IV 2 ¥V9y, ¥ (| YV T2 979y

(3.5)

Taking account of the constraints (2.8) and the second condition (2.9), results accord-
ing to (2.14) and (2.15), in the improving correction

(SVar, | Vo IPh
(Ve fve P

OV al== 8Vt — [Vl (3.8)

1,

Fig.l Pig.2

As an illustration, we will select the transverse load ¢ = sin nz; X sinnzy (2 = p = 1). Having
determined the improving correction 8V =8 (n,7), we trace the nature of the change in the
optimal distributions of the reinforcing fibre concentration »* in nr</¥ layers with the
growth in the initial (reference) concentration v* of the whole packet. The solutions obtained
are symmetric about the lines z = 0, z,= 0,5. Isolines of the desired optimal distributions are dis-
played in square quadrants a, b, ¢, d (clockwise) in Fig.l for ¥ = 0,0.33,0.66,1, respectively.
A large concentration of reinforcing material corresponds to isolines with a high order number.
Note that if the first constraint in (2.9) is not taken into account, then as p and r grow it
follows from the second constraint of (2.9) and (2.10) that the nature of the optimal distri-
butions tends to the Rayleigh mode. 1Isolines of the optimal distributions are constructed
for *= 0.5 in square quadrants aandb (left to right) in Fig.2 for ¢ =sin 2nz, sin3nz, and
= sin 3nz, sin 2nz, , respectively (@=bt=1) The asymmetry obtained is due to the anisotropy of
the plate stiffness characteristics for the reference concentration distribution.

29, oOptimization of the eigenfrequencies of a multilayer rectangular plate. Let us
consider the problem of optimizing the first eigenfrequency of a simply supported rectangular
plate (problem 2). The frequency of the fundamental mode of the transverse vibrations of a
homogeneous anisotropic plate equals /2/ 8 = YhpQ, while the first eigenfunction is u° =
sin Z, sin #;. Performing calculations simjilar to those carried out for the stiffness optimiza-
tion problems, we obtain an expression for the function @, (7, 2,) from (2.12) in the form

D, = 4ata"1b7t [(Dyra™t + 2D,th %™ + Db sin®zy sin® 2, + 4a7*67?D 4! cos® 2, cos® 7,

It is seen that the formula obtained agrees with @4 from (3.4), constructed for the load
g = sin £,-sin Z, apart from a constant. Here it is necessary to set r=2 in the expres-
sion for @,.

The property mentioned is even valid for high frequencies, namely, the pattern of the
concentration distribution in the problem of optimizing the eigenfrequencies corresponding to
the vibrations mode w® =sinsZ,sin t2; agrees with the concentration distribution in the
stiffness optimization problem for the transverse load g == sin sZ, SiD (Z,.

Isolines of the optimal distributions of bonding material are constructed in Figs.l and
2, respectively, for s=t=1 (Fig.l); s=2, t =23 (Fig.2a); $=3,t=2 (Fig.2b). vValues
of the initial reference concentrations are mentioned in Sect.1®.

39, oOptimation of the overall stiffness of a multilayer elliptical plate subjected to
a normal load. We will present the solution of the problem of maximizing the overall stiff-
ness. Consider an elliptical plate clamped rigidly along the edge and bent by the normal load
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g (;, ) = go- We direct the axes Z; and z, along the principal axes of the ellipse and denote
the magnitudes of the principal semi-axes by a and b. The boundary conditions of the problem
corresponding to rigid clamping have the form

dw ow ow
w=0, W=Ecos(n,r;)+mcos(n,xz)==0 (3.7)

The fourth-degree polynomial /2/

v = (goa¥/8D'Y1 — z,*/a® — z,2/b%)? 3.8)
D’ =3D;° 4+ 22 (D,° + 2D;°) + 3D,°*, e =ald
is a solution of the bending equation of an anisotropic platé with coefficients Dym and

boundary conditions (3.7) in the elliptical domain Q {[x,%a® 4+ 2,2/b* < 1},
Here the function @, (x;, z,) from (2.12) equals

@, = Dy} (32,207 + 2,207 — @) + 8 (D! + 2D4Y) 222,078 + D} (32,267 + 220737 — b7}

The optimal concentration distributions yields (3.5), (3.6}, where ®; must be replaced
py O).

4, Rational schemes for fibre orientation in monolayers. 1°. Formulation of
the problem. Let us consider the problem of the analytical determination of rational schemes
for orientation of the reinforcing fibres in flexible laminar plates. We select the magnitude
of the strain energy (integral stiffness) (2.2) of the plate as the function to be optimized
and we consider the problem of minimizing this functional by a rational selection of the
orientation of the lines of anisotropy (problem 3 for structure 2}.

Let us associate a Cartesian 2z, system of coordinates with the middle plane of the
plate. The plate deflections w(%;, Z;) due to the action of transverse loads are considered
to be small, At each point the bending of the middle surface is characterized by the princ-~
ipal radii of curvature of the bent surface k;, k,, which are calculated as the roots of the
quadratic equation /6/

W W gy — W3t = (W95 wn k4 k=0 (4.1)

The equations of the lines of curvature X; = X,;{z, 2,), X, = X, {z1, ;) are integral
curves of the differential egquations

Xii=p+ ]/‘pz + 4 Xy =p— VP’ + 1 p={we —wn)u (4.2)

If the bent surface w (z,, z,) does not contain umbilical points (round-off points at
which k; = k,), then there are two orthogonal families of lines of curvature X;, X,. We use
the families X; (%5, z,) and X,(z,,%) mentioned as a new curvilinear coordinate system. The
field of local angles of rotation of the axes (X,;X,) relative to (7,7,) is denoted by § =
& (21, z,) Note that the orthogonality of the coordinate lines can be retained at the umbil-
ical points by selecting the two directions that are a continuation of the lines of curvature
in the neighbourhood of the umbilical point, as the principal directions.

Let § =1 (z;,2,) be the angle between the axis X, and the axis y, that coincides with
the direction of the reinforcing fibres in the initial structure. Then the condition @ =
E -4+ { holds for the desired angle of fibre stacking & with respect to the axis Z3 of the
Cartesian system of coordinates. Therefore, the problem will be solved if the angles § (z;, &)
and § (x;, Z) are found.

2°. Rational methods of reinforcing with small curvature of the reinforcement stacking
lines. We use successive approximations te find the angles t and { : by knowing the value of
the deflection function w in the step k and, therefore, knowing the distribution of the angles
¥ and the curvature /Xy, k; as well as the running distribution {, we find a new rational
distribution of the angles {{z,, %) which improves the functional {2.2) being optimized. We
hence require that the change in the distribution of the deflections w due to the variation
87 in the desired function £ pe sufficiently small at each step. According to (1.10), this
can be achieved if at each step

. , .
Dyjerw 3w, 3> v (D — Digr) w40, m

The inequality will be satisfied in two cases: a)} if the step-by-step change in the
angle 8{ being optimized is insignificant (8{<C1); b} the number of layers m in which the
orientation of the angle [ {or @) is selected is small compared with the total number of
layers .N.

Using the above method, we construct first the improving variations of the function {
for the first case (8( <€ 1). The function f(w, w) from (2.2) that is dependent on the
principal curvatures 4k, k, and other constants of the packet is written in the following form
in the X;X, system of coordinates
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f=Yef = Yalfo + fL 00820 + fyco8?20) r. fo = b (@1 — Qa) + 2hiky (Qz + Q) 4+ k2 (Q0; — Q) (4.3}
fi=0Qs (ke = k%), =20k — k) + Q@ =3D, 3D 42D, 4 4D, Q=D ~Dyp

Qs = Dla_}. D4° _ 2D26 — 4D3°, 04 = on + D4° + 6D2° _403°
The problem of maximizing the overall stiffness (minimization of the compliance)

SSqwdQ-—» min;

by using the variational principle a

11* = min,, II = min,, (11 —_ SS qwdﬁ)
a

reduces to solving a maximin problem /7/.

In fact, because [[* = —J,, we have ming J, = min; (—II*). The expression for the variations
of the functional J, in terms of the variation of the control function §f in II* written in
the form

8Jy = (@, 8%), @ =1, sin 2% (f; + 2f, cos 20) (4.4)

The variation of the approximate integral analog of the constraint (1.11l), constructed
as in the first condition of (2,9), has the form

& = (¥, 8L), ¥ = (eS| VER")V(VEP?VY (4.5)

By using the expressions cobtained and the algorithm described, an approximate solution
of the optimization problem is constructed. The step~by-step change in the angle being
optimized (the improving variation) is given by the formula

=—1(0— ‘YSQS o\?da/gﬁgwm)

We will present some examples of the utilization of the formulas obtained. We consider
first a simply supported square plate (€ z<1,0<€ 45 < 1), subjected to a distributed load of
the form p=g¢gsinnz sinnz,. In this case the deflection function w(z,%) is proportional to
the load distribution while the lines of curvature of the bent plate surface are a family of
lines parallel to the diagonals of the sqguare. Initially (in the zeroth step), the reinforce-
ment is laid out parallel to the =, axis, and consequently, makes a constant angle {=n/4 with
the lines of curvature. Using the expression for the principal curvatures

ki = sin nz, sin nzy 1 | cosnzy cosmzg ), 1= 1,2
and taking account of (4.4) and (4.5), we obtain
8% = « sin 2nz, sin 2z, sign (C0s nz; €08 ALy)

where >0 is a small constant. The function 8%f(z, %) is positive for all points of the
plate. Therefore, the tendency is manifest for the formation of a slope at a definite side
of the reinforcement stacking lines over the whole plane of the
L3 plate (the solid lines in Fig.3). We note that an exact solution
74 Y of the optimization problem exists for the above-menticned of
loading a square plate: the reinforcing lines are parallel to the
diagonals of the square, hence the maximum deflections are optimal
and the reference plates are cited as (D,+ Dy 2Dy 4 4Dy)/(4Dy), which
is 0.35 for a graphite-epoxy composite and 0.3 for a boron-epoxy
composite. In addition to the rational stacking {the solid lines)
in Fig.3, the optimal scheme (the dashed lines) is also displayed
for comparison. It is seen that the approximate method of con-
structing a rational scheme manifests the characteristic features

¢ i V4 of the optimal solution.
o2 % Let us consider the problem of determining a rational scheme
Fig.3 for reinforcing a stiffly clamped circular plate locaded by a uni-

form normal load. The plate deflection is given by (3.8), the
principal curvatures of the bent surface equal k = ¢ (2t + 2> — 1), Jy= (323 + 322 — 1) ¢, o = ga%/8D".
In the first step the reinforcement stacking lines make an angle (= arctg (z/zs) with the lines
of curvature. Substituting the formula mentioned into (4.4) and (4.5), we obtain the desired
function 3L = tzyzy [0 (2 — D) + 405 (5 — 2], = Voi+ ot

3°. Rational methods of reinforcing with arbitrary curvature of the reinforcement stack-
ing lines. We will examine still another possible method for making a rational selection of
the fibre stacking direction, i.e., the case when the number of layers in which the orienta-~
tion of the reinforcing material is selected is small compared with the total number of layers
in the packet. We assume that O0-+0o0 in (4.5). This means that large curvatures of the re-
inforcing fibre stacking lines are allowed in (1.11). Making this simplifying assumption, we
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separate the energy integral into two parts

Jy= = X S S Dyjr (o) waw, 11 4R + —}S S Dijiy (@) w, 1w, k1 AR (4.6)
Q 2
The problem of determining a rational scheme reduces now to determining a (zy, T3) and
L (%3, Z3) from the condition of the minimum of the second component in (4.6). Because of the
smallness of ¥ the distribution W (T1,%2) is here considered fixed at each step.

The extremum is reached in (4.6) if the fibre direction and the lines of curvature either
agree, or are mutually perpendicular, or make an angle { = !/, arccos (f/(2f;)). 1In particular,
the optimum is achieved if the direction of the stacking lines agrees with the direction of
the lines of maximum curvature. The values of the second component in (4.6) for the three
regimes mentioned are, respectively, fo + fi +fa fo—Fh T/, and fo — f,2(4f,).

Note that this method of selecting the fibre orientation results in a gain in the func-
tional (4.6) provided that k = k,. At the umbilical points (k= k) the direction of fibre
orientation is selected sc as to ensure smoothness of the reinforcement stacking lines. This
method of selecting the stacking orientation of the reinforcing fibres is suitable even in the
case when ¢ is finite. The domains in which the curvature of the stacking lines exceeds the
ultimately admissible value of ¢ are placed arbitrarily (in particular, with the condition for
ensuring smoothness of the reinforcing lines). However, even in this case this method of
rational orientation improves the quality functional, as can be shown by using energy estimates.

We emphasize that if the quantity ¥ is small and the distribution of the deflections in
each step depends substantially on the desired fibre orientation a(z.z), the problem can be
solved, using the necessary optimality conditions /8/, by numerical methods.

Let us construct rational stacking schemes using the algorithm proposed. We consider a
simply supported square plate, loaded as in Sect.3 by a sinusoidal load. The reinforcement
stacking lines either agree with the lines of curvature (the family of lines parallel to the
diagonals of the square), or make an angle [ = !/, arccos (— Q,tg iz, tg nzs/2Q03). The latter rein-
forcing method does not result in a gain in the functional in this case, while the first two
yield an identical value of the gain. We note that the rational reinforcing scheme in the
example presented agrees completely with the optimal scheme (item 2° of this section).

The reinforcing method in which the fibres are also laid out along the lines of maximum
curvature results in a gain in the functional for a circular plate. This method governs the
rational reinforcing scheme in which the fibres are laid out in an annular direction in a
circle of radius 1/y/2 , and in a radial direction in the rest of the plate.

A model of layered fibre-bonded composite plates has been constructed above, which is
based on the hypothesis.of a monolayer packet homogeneous over the thickness, andon an analysis
of a fibre monolayer by using the hcmogenization procedure., Taking account of the constraints
on the gradients of the functions yielding the concentration and stacking angle of the rein-
forcing fibres is sufficient for the model used to be applicable. Within the framework of
the mcodel under consideration, optimization problems are posed, and optimality conditions are
written down. We note that utilization of constraints on the concentration gradient governs
the existence of the classical solution of the optimization problem /9/. The method of con-
structing approximate solutions enables an analytical determination to be made of rational
reinforcing schemes for elements of composite structures by relying on a knowledge of the known
solutions for the states of stress and strain of homogeneous plates with rectilinear anisotropy.
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